CHAPTER VIIL.

THE HYPERBOLA.

99. The Hyperbola is the locus of a point moving in a
plane so that its distance from a fixed point bears a constant
ratio to its distance from a fixed right line, the ratio being
greater than unity.*

From this definition the
hyperbola may be construct
ed by points, thus;

Let F be the fixed point,

DD' the fixed right line,
and e the given ratio. Draw
through F the line OAF
perpendicular and EE' par
allel to DD'. Take

FE (=FE"): FO :: e 1,

and draw OE and OE' produced indefinitely. Draw paral

lels to EE', meeting the lines OG and OG'. Waith the half
of any one of these parallels, as KH, for a radius, and the
fixed point F for a centre, describe an arc cutting KH at P;
this is a point of the curve. For,joining P and F, and
drawing PD perpendicular to DD', we have

KH (=FP) : KO (=PD) :: FE : FO;
that is, by construction we have
FP : PD :: e: 1.
In the same way, any required number of points in the

curve may be found.

* See Todhunter’a Conic Section!, p. 188.
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Sincee> 1, the distancefrom F to any point in the
curve is greaterthan the distancefrom the same pointto
theline DD"; thereforetherearepointsin thecurveonthe
oppositeside of DD', which arefound in the sameway as
thoseto the right of DD', thus with the halfof any of the
parallelson the left of DD', asMN, for a radius,and F for
acentre,describean arc cutting MN at P} this is a point
of thecurve. For,joining P'andF, anddrawing P'L per
pendicularto DD', we have

MN (= FP): MO (=P'L) :: FE: FO;
thatis, by constructiorwe have FF : P'L :: e: 1.

In the sameway, any required numberof points may be
found. Connectingthesepoints by a line, we have the
requiredhyperbola.

The fixed line DD’ is called the Directrix; the fixed
point F is called the Focus; OG and OG' are called the
Focal Tangents.

100. To find the equationof the hyperbola.

Let Fbethefocus,andYY" v
thedirectrix, throughFdraw
OX perpendicularto YY",
take OX and OY for theco
ordinateaxes. Let (X, Yy) be
any point P on the curve;
join FP; draw PM and PD
respectively perpendicularto
OX andOY.
RepresentOF by p, and the ratio of FP to PD by e.
Thenwe have,from definition,

FP = e¥PD, or FP* = e3¥ PD8;
or FMa + MP2 = e*PD~*;
thatis, {xN p) + y* = eh?, a)
which is the requiredequation.
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CoeN Wheny = 0, we have XN p = = ex; therefore,

which showsthat the curve cuts the axis of x atthe two
pointsA and A. giving

OA=I+e, and AOZNXZ(!,\N]'r

Sincee> 1, 1N e is anegativequantity; thereforeOA'
mustbe measuredo the left of the origin.

A andA' are called the Verticesof the hyperbola,and
C, thepoint midway betweenthem,is called the Centreof
the hyperbola.

The distanceAA' = A'O -f OA

.. P, P __ top .
NeNI Ml +e—e2-10

it is customaryto denote this distanceby 2a. Therefore

we have
2ep

2a J—A

101. Transformequation(1) of Art. 100to A (Fig. 81).

The formulae for this transformationbecome (Art 100,
Cor.),

*=r+i1+y' =
which in (1) gives

(Th +X'- pf+EO= *(Ife +X)0
or Y+ DN QN * +*!);

therefore, y* = 2epx'N (LN e*)x'
~N(top . A
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therefore(Art 100, Cor.),
V'E=(a*-1) (tax' + *¥),

or, suppressinghe accentssince the variablesare general,

we have . -
VE = (*E-D(te+ 3>). (1)

Cor.N When x= N a, (1) becomes
y3= N (eEN 1)a = N ~ [by putting (a* N 1)a* = 5*.

Therefore $N 1 =
aa

which in (1) becomes ~
T = NQax+ )- (2)

102. Transform(2) of Art 101, Cor.,to C (Fig. 81).
The formulaefor thistransformatiorbecome
x=x'Na, yN y\
whichin (2) gives,aftersuppressin@ccents,
SE= (W), (1)

or chgN ljh? N N a?&, (2)
which may be more symmetricallywritten.

3

a form analogousto that of the equationof a rightline
(Art. 22, H).

Cor. 1.N By definition, AF =s*AO, and OA = III -N
+e
(Art. 100, Cor.), therefore,

AF — TJTe= T —\~ N 1) [Art. 100,Cor.]
thatis, AF = a(eN 1). (4)
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ep (eN 1)
OA 1+e €eNl1
a(e6N ) [Art. 100,Cor.];
. _a(e-l
thatis, OA e (5)
CF=CA+AF =a+a(el 3 =
thatis, CF = ae. (6)
CO=CA-pO- . 4%
thatis, co = (?)
OF  CF-CO= ae--|
: __a(e*-D)
thatis. OF=p o (8)

Coe. 2NWhen y =0, x- = a, which showsthat the

curve cuts the axis of z at

two points equally distant y
from the origin, andon oppo

site sidesof it. Whenx = 0,

yv== bV I; hence the

curve cuts the axis of y in

two imaginarypoints on op

positesidesof iheorigin. We

may, howevertaketwo points

B andB', ondifferent sidesof

C, making CB = CB' =5,

aswe shall haveoccasionto u themhereatfter.

Cor. 3.NSolving (1) for y, we get

V==+\V&N ai
Cl

which showsthat, for everyvalue of x> +a or <N a,
therearetwo real valuesof y, numericallyequal,with con
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trary signs; hence,for every point P on one side of the
axis of x, thereis apoint P' on the otherside of the axis, at
the samedistancefrom it; and thereforethe curve is sym

metricalwith respecttio the axis of x. When3 is + a or
N a, y = #+ 0; andfor everyvalue of x between-f a and
N a, thetwo valuesof yareimaginary thereforethecurve
is limited towardsthe centreby two tangentsat A andA'.

Similarly, solving (1) for x, we get

*= IV 7TV,

which showsthat for everyvalue of y from N 0o to + co
there are two real valuesof x, numericallyequalwith con
trary signs hencethe curveis symmetricalwith respecto
the axis of y, andis unlimitedin the direction of this axis.

SenNBecause the curve is symmetricalwith respectto
theline BB/, it follows thatif we take CF' = CF (Fig. 82),
and CO'= CO, and draw KK' perpendicularto 00', the
point F' and the line KK" will form respectivelyasecond
focusanddirectrix.

AA' iscalledthe Transverseauxis of thehyperbola BB’
is called the Conjugateaxis of the hyperbola. In the
ellipse the conjugateaxisis alwayslessthanthe transverse
axis (seeArt. 70, Cor.), and thereforethe formerwascalled
the minor andthe latterthe major axis. In the hyperbola
the conjugateaxis may be greaterthanthe transversesince
R=a@N 1) (Art. 101,Cor.), andeis > 1; therefore
we do not call the axesin the hyperbolathe major and
minor axes.

The ratio e (Art. 99) is called the Eccentricityof the
hyperbola.

The point C is called the Centre of the hyperbola,
becauset bisectsevery chordof the hyperbolawhich passes
throughit. This maybe shown in the sameway asin the
caseof the ellipse (Art. 71, Sck.).
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Coe. 4.N To find the lotus rectum (Art 53, Cor. 3).

Make x= CF = ae (Cor. 1); denote the corresponding
value of y by™?; we have from Eq. (1) (Art. 102),

— )tV — @) = (el — 1) = ~ (Art, 101, Cor.).

Therefore, 2[? = — = . latus rectum.

Forming a proportion from this equation, we have
2a:.2b :: 2b: 2p.
That is, the latus rectum is a third proportional to the
tranverseaxis and the conjugate.

Since 5s=(e2— 1) a2 (Art. 101, Cor.), we have

a2 + h = ale*,
that is, a2 + V¥ = CF2 (Art. 102, Cor. 1).
But a2 + IP = AB2 (see Fig. 82).
Therefore, AB = CF.

*Hence, the conjugateaxis of the hyperbolais aperpendic
ular to the transverseaxis at its centre,andis limited by an
arc describedwith the vertex of the transverseaxis as a
centre and with a radius equal to the distancefrom the
focusto the centre.

Cor. 5.—Comparing equation (2), Art. 102, with (2) of
Art. 71, we see that the equation of the hyperbola may bo
derived from that of the ellipse, by changing +£) into —IP.
Hence, we infer that anyfunctionof b, expressing prop
erty of the ellipse,will be convertedinto one expressinga
correspondingoroperty of the hyperbola, by changingb into
bV — 1; therefore, in obtaining the properties of the hyper
bola that are similar to those which have been proved for
the ellipse, we shall, in most cases, either change the sign of
b2, or else refer the student to the corresponding demonstra
tion in the ellipse.
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By a process similar to that of Art. 71, Cor. 5, the details
of which the student must supply, we obtain

Y21yt n (Fa)(x—a) s (" +a) (X' — a);

that is, the squaresof anytwo ordinatesto the transverse
axis of an hyperbola are to each otheras the rectanglesof
the segmentsnto which theydivide the transverseaxis.

Cor. 6.—A point is outside,on, or inside the hyperbola,
according as ahf— fix* - a2 >, =, or <0. The proof
is similar to that given in Art. 71, Cor. 6, for the ellipse.

. A point is said to be outsidethe hyperbola if it lies in the
space between the branches, so that no right line can be
drawn through it to a focus without cutting the curve.

103. To find thedistanceof any point in the hy
perbola from the focus, in terms of the abscissaof
the point.

From the figure we have
FP3 = {x —aep -fy.

= (X—aep +
(Art. 102.)
= a2 N 2aex+ ¢ (since a2 N 1? = a2):
therefore, FP N exN a.

[We take only the positivevalue of the root, for the reason
given in Art. 72.]
In like manner we find, by writing — ae for + ae,

F'P} = (x+ ae) + if = a2 + 2aex+ eh2
therefore, F'P = ex+ a.
Hence, F'P — FP = 2&a

or, the difference of the distancesof anypoint in an hyper
bolafrom thefoci is equalto the transverseaxis.
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Oor.—This result furnishestwo other methodsof con
structingan hyperbola,havinggiventhe axes.

I. With C asa centre and
BA asaradius,describean arc
cutting AA' producedat Fand
', these points are the foci
(Art. 102, Cor.4). Now, with
F' as a centre and a radius
greaterthan F'A, describean
arc thenwith F as a centre,
andaradius equal to that used before,diminishedby the
transverseaxis AA', describeanotherarc cutting the first
atthepoint P; this will be a point of the curve,since

FP= F'P - 2a,
or F'PN FP = 2a.

In the sameway, any number of points may be found
joining thesepoints, it will be a branch of the required
hyperbola. By using F for the first centreand F' for the
secondwith the samedistancesas before,any number of
pointsof the otherbranchmay be found.

II. Takearuler,andfastenoneendof it atF', so it can
revolve aboutF' as acentre.
Take a stringwhose length
Is lessthan thatof theruler
by AA', and fastenoneend
of it at F and the otherend
at B, the end of the ruler;
thenpressthestringagainst
the edge of the ruler with
the point of a pencil P, and revolve the ruleraboutF',
keepingthestringtight, the pencilwill describeonebranch
of anhyperbola,since,in everypositionof it, we shall have

FP— FP= AA.
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104. A ConjugateHyperbolais onehaving the con
jugateaxis of a given hyperbolafor its transversexis, and
the transverseaxis of the given
hyperbola for its conjugateaxis. y
Eitherof two hyperbolasthus re
lated is conjugate to the other.

Thus, the hyperbolawhose trans

verseaxis is BB' (Fig. 86) is the

conjugateof the hyperbolawhose

transverseaxis is AA', and con

versely,the latteris the conjugate

of theformer. Theyareoftendis

tinguished as the x Hyperbola

and the y Hyperbola,eachtaking the nameof the co
ordinateaxis uponwhich its transverseaxis lies; andwhen
spokenof togetherare called ConjugateHyperbolas.

105. To find the equationof an hyperbolaconjia
gate to a given hyperbola.

By Art. 102,the equationof the given hyperbolais

y* =" (**_ a*),

or, Fig. 86, PM8 = (CM* — CA¥).

Hence,sinceP'is a point on the conjugatehyperbola,hav
ing BB' for its transverseaxis and AA' for its conjugate
axis, we have,

NT70= (CN3 —
CB

or * = (1)

which is the equationof the conjugatehyperbolaandis the
sameexpressiorwe would obtain from the equationof the
given hyperbolaby putting N 22 for + 2, andN a2 for +a\
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Sch. 1.—Since the second hyperbola holds the same rela
tion to the axis of y that the first does to the axis of X, we
might have deduced the equation of the Yy hyperbola at
once by changing ato b and b to a,X to y and y to zin the
equation of the X hyperbola.

The sides of the rectangle described on the axes are the
tangents to the four branches at the vertices.

Comparing the equation of the conjugate hyperbola with
that of the given hyperbola, we have (Art. 101, Cor.),

(e2— 1)J? = a\
or al 4- J2 = W& = CF).

(See Art. 102, Cor. 1.) Therefore the foci of the y hyper
bola are at the same distance from the centre as the foci of
the X hyperbola, but the eccentricityof the former has a
different value from that of the latter.

Sch. 2—The equations of the diagonals CE and CG are

respectively
b A b

* a * a
If in the equations of the two conjugate hyperbolas we
make b= a, we have (Art. 102),

y*N xt =. N a, 2)
and (1) of the present Art. becomes
f—x = al (3)

These hyperbolas are called Equilateral hyperbolas,
from the equality of the axes. The equilateral hyperbola
corresponds to the case in which the ellipse becomes a circle.
(See Art. 71, Cor. 7.) The peculiarity in the figure of the
equilateral hyperbola is that the curveis identical in form
with its conjugate. From Art. 101, Cor., we have

therefore, in the equilateralhyperbola we have e = */2.
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106. To constructa pair of conjugatehyperbolas
whoseaxesare given.

Draw the axesAA' and BB'
at right anglesto eachother;
constructthe x hyperbolaasin
Art. 99. Now take CF'= CF,
which equals AB (Art 105,
Sch.),andF'is the focusof the
y hyperbola. TakeBE = BF',
andB'H = B'F'; drawthrough
E andH aright line; it is one
of thefocaltangents. Through
O' draw a line perpendiculato BB'; this is the directrix
correspondindo the focus F'ofthey hyperbola. The con
structionis now the sameasin Art. 99.

Fig.87

107. To find the equationof the tangentat any
point of an hyperbola.

To obtain this equationfor the hyperbola,we changelP
into N i2 in equationg6), (7), and (11) of Art. 74, andget

ayy'N IPxx' = N a#, (1)
YA/ IP 5

yNagx y (2)

y N mx#x VaPrnPN IP. (3)

Cor.—To find the point in
which the tangentutsthe axis
of x, makey =20 in (1), and
get

~

* = 2= CT0

which is the same value we
found for the abscissaof the
point at which the tangentcutsthe axis of x in the ellipse.
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(Art. 74, Cor. 2). This value of X has the same sign as z';
hence, for the right-hand branch, it is always positive;
that is, the tangent to the right-hand branch cuts the axis
of'a; to the right of the centre.
By Art. 102, Cor. 2, we have F'O =FC = ae; therefore
we have
FT = ae+ 1 = % (exX)+ o),

X X

and FT —ae—y (ex'N a).

Hence, F'T : FT :: ex'+ a: eX\—a :: F'P: FP

(by Art. 103). That is, the tangentofan hyperbolacutsthe
distance between thefoci in segmentproportional to the
adjacentfocal radii ofcontact and thereforeit bisectsthe
internal angle betweernthesdocal radii.

This principle affords a method of drawing a tangent to
an hyperbola at a given point.

Lbt P be the given point (see Fig. 88). Draw the focal
radiit F'P and FP to the given point P. On the longer,
F'P, lay off PD = PF, and join DF. Through P draw PT
perpendicular to DF; PT will be the trangent required, for
1t bisects the angle FPF'.

The subtangenMT=CM — CT =s' — That is.
the subtangent=

108. To find the equation of the normal at any
point of an hyperbola.

We change J] into — J) in (2) of Art 75, and get
V-y'= ——i£(x—x)0 (1)

which is the required equation of the normal at (X, if).
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Cob. 1.N To find the pointin which the normal catsthe
axisof x, we makey = 0 in (1), andget, afterreduction

X =Z = CN (Fig. 88) = eV (Art 101,Cor.).

ThesubnormalMN = CNN CM

Sch.N The expressionCN = enablesns, as in the
caseof the ellipse (Art. 75, Sch.),to drawa normal at any

point P of the hyperbola,or one from anypoint N of the
transversexis.

Cob. 2.N By Art. 102, Cor. 1,

F'C=FC= ae,
thereforewe have
F'N = e(ex'-f a),

and FN = e(ex'N a). 9
Hence, FFN: FN :: ex+a:exXNa :: FP: FP
(Art. 103). That s, the normal of an hyperbola cuts the
distance betweenthe foci in segmentsproportional to the

adjacentfocal radii of contact and henceit bisectsthe
externalangle betweerthefocal radii of contact.

109. Tofind thelocusoftheintersectionofthetan
gentat anypointwith the perpendicularonit from
cither focus

Changingthe signof 2 in (3) and (4) of Art 76, and
adding the squaref theresulting equationstogetherwe
get

& +y2 = a\
for therequiredlocus, which is thereforea circle described
on the transverseaxis.
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110. Tofind the co-ordinatesofthe point of contact
of a tangentto an hyperbolafrom a fixed point.

Let (X', y') be therequiredpoint of contact,and(x", y")
the fixed pointthroughwhich the tangentasses.
Changing + b2 to N P in theresultsof Art. 77, we get

. aW=F aywary"™* N W* + aW
x N WwWt-ay™* 9

, __aWy"T 5VVvavVa—- W* + aw
y — T Hy* N aly'"

Thesevaluesindicate that from anyfixed point two tan
gents can be drawn to an hyperbola,real, coincident or
imaginary,accordingas

aV?—- Wx2+an >, =, or <0;

that is, accordingas the point (X", y") is outside on, or
insidethe curve (Art. 102, Cor. 6).

Cor.N It is clearthat if anytwo real tangentse drawn
from agivenpointto touchthe samebranch,their abscissas
of contactwill have like signs and unlike,if theytouch
different branches. Hence, since the values of a: in the
formercasemust have the samesigns,we have,regarding
only their numericalvalues,

avx" > aty"Vify"2 N &x"2 + aW\
or squaring transposingandreducing,we have
yll< b’X". (I)

But (Art. 105,Sch.2) y= 3% Is the equationof the diag-

onal of therectangldormed upontheaxesof thehyperbola;
therefore theordinateof the point from which two tangents
canbe drawn'to the samebranchof an hyperbolamust be
lessthanthe correspondingordinate of the diagonal that
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is, the point itself must be somewhere between the diagonals
(CE, CG) or (CH, CK) produced, and the adjacent branch
of the curve (Fig. 86). These diagonals produced are called
Asymptotes of the hyperbola, which we shall consider in
Art. 113. Hence, generally, the two tangents which can
be drawn to an hyperbola from any external point, will both
touch the same branch, 1f the external point be between that
branch and the adjacent portions of the asymptotes; but if
the external point be so placed that we cannot pass from it
to the curve without crossing an asymptote, the two tan
gents touch different branches of the curve.

111. Tangents are drawn to an hyperbola from a
given external point; to find the equation of the
chord of contact (Art. T7).

Change J3 into — J3 in (5) of Art. 78, and get
alyy' — &xx' = —aW, (1)
which is the equation of the chord of contact.

113- Through any fixed point a chord is drawn to
an hyperbola, and tangents to the hyperbola are
drawn at the extremities of the chord; to find the
equation of the locus of the intersection of the tan
gents, when the chord is turned about the fixed point.

Change J3 into — [? in (3) of Art. 79, and get
a*yy'— Pxx' = — aW, (1)
which is the equation required, and the locus is a right line.

Sch.—The line (1) is called the Polar of the point (V,y’)
with regard to the hyperbola aly! — Ifh? = — alV, and the
point (x', y') is called the Pole of the line.

The statements in Art. 49 with respect to the circle may
all be applied to the hyperbola as they were to the parabola
(Art. 61), and the same conclusions arrived at that were
reached in Arts. 49 and 61, and referred to in the ellipse
(Art. 79, Sch.).
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113. An Asymptoteof acurveis aline which continu
ally approacheghe curve,and becomestangentto it only
ataninfinite distancewhile it passesvithin afinite distance
of the origin. We have called the diagonalsproducedof
the rectangleon the axes(Art. 110,Cor.), the asymptote®f
the hyperbola we now proceedto showthat they are such,
thatis, thatthey meetthe curve only atinfinity.

114. To prove that the diagonalsof the rectangle
on the axes are asymptotesto both the given and
conjugatehyperbolas.

ProducdheordinateMP of any
point P in the given hyperbolato
meet the diagonal CR and the
conjugatehyperbolajn the points
P'and P" respectively. The dis
tanceof thepoint Pfrom CR =
PP' sin PP'C, and therefore it
varies as PP'. Now, if CM, the
commonabscissa= x, PM =y, P'M =Y and P"M =vy",
we have, from the equationsof the given hyperbola,the
diagonal,andthe conjugatehyperbola,

v = 7 0)
1 —t—H*
Y* s (2)
y'a s x4 ®3)
Subtracting(1) from (2), we have
LI oo yRNy - . (@
_|_
Subtracting(2) from (3), we have
.o &
Q 1 @ = or y _y _ ' (5)

y't+y
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If now we suppose the abscissa CM to increase continually,
and the line MP to move parallel to itself, the ordinates VY,
y', and y" will increase continually, and therefore, from (4)
and (5), Y—VY and y" —Yy' will diminish continually;
and when X (CM), and therefore y, yl, and y" become
infinitely great, y' —Yy and y" —Yy' will become infinitely
small; that is, as X increases indefinitely, the two curves
continually approach the diagonal CR, and become tangent
to it and to each otheronly at infinity. Hence the diagonals
are asymptotes to both curves.

Cob. I—The equations of CR and CR' are (Art 105,
Sch. 2),
y — gx or )6(1 )éf~°;

md - y— 0 f4 =0

I)
therefore the equation 3 _ ¥ _ 0 includes both asymp

totes.

Cor. 2—Let ACR=0, ACR'=0'; then

tan 0 = -, tan 0' = — —;

a
sit 0 — A PAQR ——mmmBmeee
Val + val + b*

gn$——  Mi— (RO — &
fa? + & Va* + p'

115. To find the equation of any diameter. (Def.
of Art. 62.)

Change b2 into — in (2) of Art. 80, and get
= Q?Z cotd-x (1)

for the required equation.
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Sincea* and” are constantfor anygiven hyperbolaand
0 is constanfor any given systemof parallel chords,(1) is
the equationof a rightline passingthroughthe origin, that
is, through the centre of the hyperbola. Hence, every
diameterof the hyperbola passeshroughthe centre. By
giving to 0 a suitablevalue, (1) maybe made to represent
any right line passingthrough the centre. Hence, every
right line that passesthrough the centre of an hyperbola
Is a diameter that s, it bisectssome systemof parallel
chords.

Sch.N To draw a diameterof an hyperbola,draw any two
parallelchords,and bisectthem; the line passingthrough
the points of bisectionis adiameter. The intersectionof
two diameterswill be the centreof the hyperbola.

Con.1N Let & = theinclination of the diameteiitself to
the transversexis; thenwe have

tan0' = )—(\
which in (1) gives
N
at’

as the relation between0 and 0' when they arethe angles
which a systemof parallel chordsand their diameterre
spectivelymakewith the axis of x.

tan0tanQ' =

Cob. 2.N Writing the equationof the diameterin the
form
y = tan0¥x, (1)

and eliminating y betweenthis equationandthat of the
given hyperbola,to find the abscissa®f the pointsof inter
sectionof (1) andthe curve, we obtain

ab
V N atar0
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Now, eliminating y between(1) andtheequationof the
conjugatehyperbola(Art. 105),to find the abscissa®f the
points of intersectionof (1) and the conjugatecurve,we
obtain

ab

PQtart 0— &
If &2tard 6 < X, thatis, if tan0 < *+ ot the valuesof x

in (2) arereal, showingthat (1) intersectsthe given hyper
bolaat finite distancedrom the centre; while thevaluesof
x In (3) are imaginary, showing that (1) doesnotcut the
y hyperbola.

'If &tark 0> 2, thatis, if tan0 > =+ the valuesof x

in (2) are imaginary, showing that (1) doesnot cut the
given hyperbola while thevaluesof x in (3) arereal, show
ing that (1) cutsthey hyperbolaatfinite distancesrom the

centre.
If a2tar? 0 = b), thatis, if tan O=4—a—, the valuesof x

in (2) and (3) are infinite, showing that (1) does not cut
eitherthex or the y hyperbola. In this case,(1) coincides
with the diagonalsof the rectangledescribedon the axesof
the two conjugatehyperbolas(Art. 105, Sch.2), that is,
with the asymptoteqArt. 113).

We learn, then, that diameters
which cut the given hyperbolain
real points, must either make with
the transversaxisanangleless than
IS made by the first of thesediag
onals,or greater thanis madeby the
second,as DD' and HH'. If they
cut the conjugate hyperbolain real
points, they must eithermakewith the transverseaxis an
anglegreater thanis madeby the first of thesediagonalsor
less thanis madeby thesecondas EE'andKK'. If they
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coincide with thesediagonalsas LL' and RR\ they will
intersect the hyperbolasat an infinite distance. Hence,
everyright line drawnthrough the centre of anhyperbola
must meet the hyperbolaor its conjugateunlessit coin
cideswith oneof the asymptotes.

116. IT one diameter of an hyperbola bisects all
chordsparallel to a seconddiameter,the seconadwill
bisectall chordsparallel to the first.

Let O and 6' be the respectiveinclinations of any two
diameterdo thetransverseaxis. Then the condition that
the first diameter shall bisectall chords parallel to the
seconddiameter(Art. 115, Cor. 1) is

tan0tan Q' =¥7¥ (1)
a?
But this is also the condition that the seconddiameter
bisectsall chordsparallelto thefirst

Sch.—Two diametersare Conjugatewhen eachbisects
all chordsparallelto the other.

Becausethe conjugateof any diameters parallel to the
chordswhich thatdiametebisectsthereforetheinclinations
of two conjugatesmust be connectedin the sameway as
thoseof a diameterandits bisectedchords. Hence,if 0 and
6' aretheinclinations,the equation of conditionfor conju
gatediametersan the hyperbola(Art. 115, Cor. 1) is

tan0tan0' = N¥ (2)

This condition shows thatthe tangentsof inclination of
any two conjugatediametershave like signs thereforeit
indicatesthatthe anglesmadewith the transverseaxisby
the two conjugatesare either both acute or both obtuse,
Therefore, conjugate diametersof an hyperbolalie on the
sameside ofthe conjugateaxis,as CD and CE, or CK and
CH' (seeFig. 90).
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Cob.N From (2), if

< - > _-
tan 0 ik tan 0 7’

and if tan 0 > — - tan 0 < — -e
a a

Therefore (Art. 115, Cor. 2), ifone of two conjugates, DD',
meets an hyperbola, the other, EE'S, meets the conjugate
hyperbola.

117. The tangent at either extremity of any diam
eter is parallel to its conjugate diameter.

[For demonstration, see Art. 82.]

118. Given the co-ordinates x" y' of one extremity
of a diameter, to find the co-ordinates xn) y” of
either extremity of the conjugate diameter.

By the Extremities of the conjugate diameter, we mean
the points in which the conjugate cuts the conjugate hyper
bola.

Let (x,y’) be the point D (Fig. 90), and (x", ") the
point E or E'.  Since the conjugate diameter EE' is parallel
to the tangent at (x', y’) (Art. 117), and passes through the
origin, therefore its equation (Art. 107) is

6V

a*yX
which, combined with the equation of the conjugate hyper
bola (Art 105) gives

We see that the upper signs of the co-ordinates are both
positive and the lower signs both negative, while in the
ellipse (Art. 83), the upper signs are unlike and the lower

also. This agrees with the properties of the two curves
developed in Arts. 81 and 116, Sch.
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1X9. Toexpresghelengthof a semi-diamete(a'),

and its conjugate(b’), in termsof the abscissaof the
extremityof the diameter.

Let (X} Yy') and (X", ¥") be the extremities D and E of
the diameters DD' and EE'; then we have

a'2 = a/a-tyl= N+p3(~1~al) (Art.102)

a4 P.
— a*
therefore a = eV§—12 (Art. 101, Cor.).

Also, &8=a/l+ y'l="y8§+ “>2(Art. 118)
Cr Q,

— a/* — a* + ~a/8 (Art. 102);

therefore, b2 = eh® N a (Art. 101, Cor.).  (2)
Cob. (1) —(2) gives
a2-\2 = a2-P;
that is, the difference of the squares of any two conjugate

diameters of an hyperbola is equal to the difference of the
squares of the axes.

120. To find thelengthof the perpendicularfrom
the centreto the tangentat any point.

Let (tf, y) be the point, and p the perpendicular. The
equation of the tangent at (xf, %f) is (Art. 107),
(fiyyf — Pxxi = — aW. (1)
Therefore (Art. 24),

N\
v X ab (Art. 119.)

\V Ve
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121. To find the angle between any pair of conju
gate diameters.

Let O be tberequiredangleECD in Fig. 90. By the
sameprocessasin theellipse (Art. 86), we find

. ab [1X
Bin* = wv wW

Cob.N Clearing (1) of fractions,we have
a'b’ sin 0 = ab, (2)

which shows that the area of the parallelogram whose sides
touch the hyperbola at the ends of any pair of conjugate
diameters is constant, and equal to the rectangle of the axes.

Sch.NBy Art. 119, Cor., a?N b7 = a constant there
fore, a' and b’ increaseor decreasetogether; hence, by
causingD to movealongthehyperbolafrom A, E alsowill
move alongfrom B (Fig. 90). But anydiameterCD tends
towardsan infinite length, asits inclination tendstowards

thelimit 0 = tanl- (Art. 115, Cor. 2); thereforeits semi

conjugateCE tendstowardsinfinity; and,as a'b’sin O is
constant, and a' and V' tend towardsinfinity, sin<¢ tends
towards O; or, the angle betweentwo conjugatesof an
hyperboladiminisheswithout limit. "When the two conju

gatesapproachinfinity in length,theytendto coincidewith

the diagonalsof the rectangleconstructedon the axes; but
they are never equal, since a”?— b"? is always equal to
al— W (Art. 119, Cor.), unlessthe curve is equilateral.
Therefore the infinite diameterswhich form the limit of
the conjugatesre not equal infinites, andhencewe do not,
as in the ellipse, have equi-conjugates. \We may, however,
call these conjugatesin their limit, when they coincide
with each other and with either of the asymptotesSelf
Conjugates,’sinceeachis a diameterconjugateto itself.

¥ SeeHowisor{e Analytic Geometry p. 881-
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The inclinations of the self-conjugatediametersto the
transverseaxis are determinedby
the equation

tan0) = = -¥ (Art. 115, Cor. 2.)

Thefirst valuecorresponddo the
angleACE, and the secondvalueto
theangleACK (Fig. 91).
The inclination of theseself-con
jugatesto eachother,asECK or ECK', is determinecby

sin ¢ = 2 sin BCE cosBCE

_ 5 a « b
Va? +
. ., . 2ab
thatis, B11A N o) + P
where ¢ = ECK or ECK',

122. 71 a chord and diameter of an hyperbola are

parallel, the supplemental chord and the conjugate
diameter are parallel. (SeeDef., Art. 88.)

Let DD' be a diameterof the
hyperbola PD andPD'two sup
plementalkhords,the first paral anc /(]
lel to the diameterEE'; then K7----m.)
will the supplementathord PD’
be parallelto theconjugataliam
eterKK'.
Let (x| y’) be the point D, Fig. 92.
and therefore (N x, N ") will
be the point D'. Let <> and ' be the inclinationsof the
two chordsDP andD'P. Then, by the sameprocessas in
Art. 89, or simply by changing/* into —b* in that Art.,
we get
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tan¢ tan<> =

aathe conditionthatthe two chords DP and D'P shall be
supplemental

Now, from Art. 116, Sch.,we have
tanOtan ff =

asthe condition that two diametersshall be conjugateto
each other; the rest of the argumentof Art. 89 applies
directly to the hyperbola. Therefore, the supplemental
chord PD'is parallel to the conjugatediameterKK'.

123. To find the equationof the hyperbolareferred
to any pair of conjugatediameters.

To do this we musttransformthe equationof the hyper

bola
ahf-Tww = — a3, (1)

from rectangulatto oblique axes, havingthe sameorigin.

Let DD' and SS'be two conju
gate diameters. Take CD for
the new axis of x, and CSfor the
newaxisof y. Denotetheangle
ACD by 0 and ACS by 0. Let
X, Yy be the co-ordinatesof any
point P of the hyperbolareferred
to the old axes,andx’, y' theco
ordinates of the same point re
ferredto the new axes.
Now we may use the sameprocessemployedin Art 90 ;
or, we maysimply change& into N B in (3) erf Art. 90
(seeArt. 102, Cor. 5), andget

(c"sir2#N ~“co#)al+(as8in20'N Rcog0)y2= N a#. (1)
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Let a' and b' denote the lengths of the semi-diameters
CDandCS. If wemakey'=0 in (1), we get

N a'w
sintON & cos*9
Also, if in (1) we make*'= 0, we get
N aw _
asin2#' &co& o —

alk

We pat this latterequalto N b?, becausave have sup
posedthe new axisof * to meetthe givenhyperbolaasin
Fig. 93 ; thereforewe know (Art. 116, Cor.) that the new
axis of y will not meet the given hyperbola hence

aEsin* ff ' P coilt is anesatirequantityd

From(2) weget adsin*9-- ?coe*@ = "_%a - (*)
From (3) weget a3sinl# -- b*COSFf = yij ¥ (5)

Substitute(4) and (5) in (1), divide by N a3, omit
accentdrom the variablesandwe get

ar t
a3 9N ©)
or. a'*t?-b*x>= -0O'3A%. (?)

which is the equationrequired,andis of the samefbrm as
whenreferredto the axesof the curve (Art 102).

Similarly, the equationof theconjugatehyperbolareferred
to the samepair of conjugatediameterss

£ £ *
o* \r — ' (8

or aVv — V¥l = am <E)
[Let the studengive thedemonstration.]
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Cob.N Comparing (7) with (9) of Art. 90, we see that the
equation of the hyperbola may be derived from that of the
ellipse by changing b?2into — b2. Hence, we infer that
anyfunction ofV expressing property of the ellipsewill be
convertednto oneexpressing correspondingproperty ofthe
hyperbolaby changingb' into bW— [*

124. To find the equation of a tangentto the hy
perbolareferred to anypair of conjugatediameters.

By reasoning exactly as in Art. 91, using the term "hy
perbola” for "ellipse,” or, by changing b'2 into — b2 in
(1) of Art. 91, according to Art. 123, Cor., we get

alyf—Db?2xat = — ci2 k(1)
which is the required equation.

Co bNNTo find where the tangent cuts the aria of X,
make YN 0 in (1), and get

X= _,

125. To prove that tangentsat the extremitiesof
any chord of an hyperbola meeton the diameter

which bisectsthat chord.
v

Take the diameter CD, which
bisects the chord PP', for the
axis of X, and the conjugate
diameter CS for the axis of'y.

Now reason as in Art. 92, or
change b2 into —Db2 in (1)
and (2) of Art. 92, according
to Art. 123, Cor., and get

a'Zyy'—b2xx' = —a"2 T ———"T1)
and —a2yy'N b'2xx! ' = —a'2b?, (2)

which are the equations of the tangents at the extremities
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of the chord PP'referredto the diameterCD which bisects
PP',and the conjugatediameterOS. Now, by Art. 124,
Cor™ both of these tangentscut the axis of x atthe

point , 0", which provesthe proposition.

126. If tangentsare drawn at the extremitiesof
any focal chord of an hyperbola

I. Thetangentsawill intersecton the corresponding
directrix.

Il. Theline drawn from the point of intersection
of thetangentdo the focuswill beperpendicularto
the focal chord.

|. Reasoningas in Art. 93, we find for the equationof
the chordof contact(Art. 1),

aryy'— Pxx== — ath>, (1)
which, for theright-handfocus{ae, 0), becomes
N &aeT = N aw\

or X = "> (2

thatis, the point of intersectionof the tangentsis on the
correspondingdirectrix (Art 102, Cor.1), showingthatthe
directrix is the polarof thefocus. (Art. 79, Sch.)

II. The equationof the line passingthroughtheright-
handfocusandthepoint (X', y') is, by (Art 26),

y = /\e(*_ ae)_ (3)
From(2), x' = E—i, whichin (3) gives
__ Yye

= -N(x-ae).(Art 101Cor.) (4)
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The-equatiorof the chordof contact[see (1) above]is

Vx'
y = *gx-"

which becomesfor the focal chord*[sincex’=  f*om (2)],

* b> 4
y aeyX

which jp perpendiculato (4), by Art. 27, Cor. 1.

127. Find the locus of the point of intersection of
two tangents to”aji hyperbola at right angles to
each other.

Reasonasin Art. 94, or ohange®* into N A* in equation
(5) cf thatArt., Endget

x)+y> =al—bl (1)

as the requiredlocus. Hence,the locus is a circle with
its centreat O, andwith Val — V1 for its radius,unless
b) > al, in which casethe locus is impossible thatis, two
tangentscannotbe drawn at right anglesto eachother
when/P is greaterthanal.

128. The rectangle of the focal perpendiculars
upon any tangent is constant, and equal to the
square of the semi-conjugate axis.

Call p andp’ the perpendiculars. The equationof the
tangentatanypoint {xy y’) is
a*yy'N IPxx' = N aW.
By Art 24,

N Px'ae — a%! b (ex'—a)
p pr—

s=p (ex'—a). (Art 119))
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AlSo. p' — —Wx'ae—aW __ b(ex' + a)
P Vapy? + w=* '
" = (ex' +a). (Art. 119))
Hence, pp’' = — (eX&* — a¥) = (Art. 119))

129. To find the polar equation of the hyperbola,
the left focus being the pole.

LetF'P=r; AF'P= 0O then
(Def. of Art 99) wE have,
F'P=¢¥PD
= e(F'M — F'O)
= ¢ ¥MF'N ¢ ¥F'O
= ¢¥FTcosAFTN c¢*a3N 1) (Art 102,Cor.1),

or r =ercos6N a(@N 1);
__ ajel N~1)
therefore, e cosOR 1 (1)

which is the equationrequired.

Cor.NWhen 0=0, »» = ae +a = F'C+ CA = F'A,
asit shoulddo. (Art. 102,Cor.1)

When e cosON 1 =0, thatis, when 0= cos-lg,

a(&-1)
ON =iji-

Butin this caser, or F'K, is parallel to the asymptoteCR
(See Art. 114, Cor, 2, and Fig. 89). That is, while 0 in

creasedrom 0 to cosl-, r increasesfrom ae -f a to co,

tracing the branch APP".
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When 0 passesthe value coslg, ecosON 1 becomes

negative,and thereforer becomesnegative,and the left-
hand branchis generatedthe negativeend of r tracing
QQ'Q" thus, when 0 = AF'H, r, being negative, is
reckonedbackwardgo Q.

When0 = 90j, r =N a@N 1) = N ﬁ (Art. 101, Cor.),

which equals the semilatus rectum p, with a negative
sign (Art. 102, Cor. 4),andQ' is located.

When 6=188, r = Na(eN D=a Nae= N FA,
asit should.

While 0 increasedgrom 90 to 270j, fhe arc Q'Q"A'Q™ is
tracedwith the negativeendofr.

When 0= 270;, r = N a(@N 1)=N ~ = Np> and
the point Q" is located.

While 0 increasedrom 270jto cosl-, r remainsnega
tive, and increasesnumericallyfrom p to oo, its negative
endtracing Q", Q.

At 6= cos1- in the fourth quadrant,r = co, and is
parallelto the asymptoteCR'.

While 0 increasedrom cos1- to 360j, r is positive,and

diminishesfrom co to a + ae, and the arc P™, P", A is
traced.

130. To find thepolar equationof the hyperbola
whenthepoleis at the centre.

Changinga?y2N vh? = N aW into a system of polar
co-ordinateqasin Art. 97), we have

_ aw _ L
= o6 asim0 - @codof 1yt iohCor) {1V
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Similarly, the polarequationof theconjugatehyperbolas

1N € Co20
Cob.N Equation (1) shows that for everyvalue of 6 be
tween N coslé and 4- cosle—, r has two real values,

numericallyequal,with contrarysigns. Thesetwo values
of r, takentogether, make the diameter hence, every
diameterof the hyperbolaiB bisecledat the centre(Art.
102, Sch.).

When 6 = cosle r =< but in this case,r or CR,
Fig. 89, coincideswith theasymptote.

While 0 increasesrom cosl~ to (180j N cos-1  r is
imaginary,showing that it doesnotreacheitherbranch of

the given hyperbola.

Equation (2) showsthat for every value of 0 between
cosli and (I80j N cosl  r hastwo realvaluesnumer

ically equal,with contrary signs. Thesetwo valuesof r,
takentogether,makethe diameterof the conjugatehyper
bola; hence,everydiameterof the conjugatehyperbolais
bisectedat the centre.

When 0 = N cosli, r = go; in this case,r coincides
with the asymptote.
For everyvalue of 0 betweenN coslg and + coet =

r is imaginary,showingthatit doesnotreacheitherbranch
of the given-hyperbola.

In (1), r is leastwhen 0 = 0, giving

-VS

S
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which equalsa.(Art 101,Cor.). In (2), r is leastwhen
6 = 90j, giving r = b. Hence,in thehyperbola.eachaxis
is theminimam diameterof its own carve.

Also, it is evidentfrom both (1) and (2) that the value of
r is thesamefor 9 and (nN 9). Thereforediametersvhich
make supplementabngleswith the transverseaxis of an
hyperbolaareequal.

131. The propertie®of the hyperbolahithertoestablished
aresimilarto thoseof theellipse. We havenow to consider
somepropertiespeculiarto the hyperbola,arising from the
presencef theasymptotes. (SeeArt 113.)

132. Toprovethattheasymptoteare thediagonals
of every parallelogramformedon a pair of conju

gate diameters.

Theequationof thehyperbolaand its asymptoteswhen
referredto the axesof the curve,arerespectively

a?
& @
and a 2

Whenwe transformthe equationof the hyperbolato its
conjugatediameters(Art 123),equation(1) becomes
a? L1
a? |y12 N
thereforewe may at onceinfer that
(2) transformedto the sameconju
gatediameterspecomes
a? W

that is, the equationsof the asymptotesCR and CR’,
referredto any pair of conjugatediametersare
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(3)
and (4)
Take CP=4' and CP'= V.

Equation (3), or y =, x, is theequationof a line pass-
ing through the origin and the point (<*, 1') (seeArt. 26,
Cor. 4), thatis, through C and D; and(4), or y = N

is aline passingthrough the origin and (a’, N ), that s,
through C and E. Hence, (3) and (4), which are the
asymptotes,are also the diagonalsof the parallelogram
EDE'D' on the conjugatediameterdPP"and P'P™.

133. To find the equation of the hyperbola referred
to its asymptotes as axes.

To do this, we musttransformthe equation
ay — VhZ?=—aW (@)
from rectangulato obliqueaxes,havingthe sameorigin.

Let CX and CY be the old axes (Fig. 96). Takethe
lower asymptoteCR' for the new axis of x, and the other,
CR, for thenewaxisof y.

Let x, y be the co-ordinatef anypoint Pin the curve
referredto the old axes,and x', y’ the co-ordinatesof the
samepoint referredto the new axes. Denotethe angles
ACR'andACR by 0 and 0’ respectively.

The formulasfor transformation(Art. 35, Cor. 1) are

x =z x"cob 0+ y'COS&,
y =xi sin0 -fy’sin0.
Squaring,substitutingin (1), andarranging,we have

/ (88si0 — &cosd 6)x* ) B
\ + (aBsSiM 6 —BcoS0)y's F= N a”™. (2)
(

+ 2(a8sin6sin0’'N Bcos6cos  x'if)
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FromArt. 114, Cor. 2, we have

*0) = = *0O".
tan* 0 o+ tan OO

from which we get

a* sin?5 — P cos*<9=0, (3)
and a*sin* ff N P cos*™ = 0. (4)
Also, from Art 114, Cor. 2, we have
. L x P
sin6sin00 = 2 + %
and cos0cosé& = a
T ar+$0
therefore,
a* sin0sin 0'N 5* cosO cos0' = I 7 (5)
a*+ 6*

Substituting (3), (4), and (6) in (2), we get
ACHE*
C*+&*

or suppressingaccentsrom the variablesand reducing,we
have

= — ar*

Xy = "+ P] (6)

and putting wi* for ﬁ TRF, we have.

Xy = m*. (?)
which is the equationrequired.

Cor.N The equationof the conjugatehyperbola,referred
to the sameaxes,is (Art 105)

xy N N 2n*. (8)

If we solve (7) for x, we get

_nv
X_
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which shows that as Yy increases, X diminishes, and when
y = 00, 2 = 0; that is, the curve approaches the axis of y,
and finally touches it at an infinite distance from the centre.

Similarly, the curve approaches the axis of X, and finally
touches it at an infinite distance from the centre.

Sch.N The second .member of (7) is essentially positive,
and of (8) essentially negative; hence, both X and y have the
same sign in (7) and contrary signs in (8); therefore one
branch of the given hyperbola lies wholly in the first angle
and the other in the third; while one branch of the conju
gatehyperbola lies wholly in the second and the other in the

fourth angle. (See Fig. 96.)
In the case of equilateral hyperbolas (Art. 105, Sch. 2),
the angle between the asymptotes, which (Art 121, Sch.) is

equal to sin-1 ™~ = sin-11, becomes a right angle;

therefore, the equilateral hyperbola is also called the Rec
tangular hyperbola. ,

134. To find the equationof the tangentat any
point of an hyperbolareferred to the asymptotesas

axes.
Let (X\y') and (X", y") be any two
points, P and P', on the curve. The

equation of the secant through these
points (Art. 26), is

y-y'= (*-*De W

Since (X,Yy') and («", y") are on the
curve, we have (Art 133),

X'y'= m* = x"y", or
which in (1) gives YNy = N~(xN x),

which is the equation ofthe secantto tfce hyperbola.
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When the points becomeconsecutivewe havesr' = al;
hence(2) becomes

y-y'= > 3
Clearing (3) of fractions, transposing,and uniting, we
have i
Xy +yX = 2%,
or J+ | =20 4)

which is the equationofthe tangentrequired.

Cob. 1N Makingy andx successively= 0 in (4) we get
X = 2x'= CT, and y= 2y'= CT.
Hence,P is the middle point of TT'; therefore the 'portion

ofthe tangentincludedbetweerthe asymptotess bisectedat
thepoint of contact.

Cob. 2N FromCor. 1, we have,
CT x CT' = 4x'y' = a* + & (Art. 133).
That is, the rectangle of the interceptscut off upon the
asymptotedvy anytangentis constant andequal to the sum
ofthe squareson the semi-axes.
Cob. 3.N Theareaof the triangle TCT', Fig. 97, is
= ICTxCT'sinTCT'
= 2x'f x Jf+p (Cor. 1, andArt. 121,Sch.),

="0 X <Ari 133
I
= ab = constant.
Thereforethetriangle includedbetweenany tangentandthe
asymptotess constantandequalto therectangleofthesemi
axes.
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135. To prove that the interceptsof a secantbe
tweenthe hyperbolaand its asymptotesare equal.

In equation(2) of Art. 134, makey = 0, undget

X=x"+ Z
= CN (Fig. 97).
Hence, CNN x0= x0
or M'N = DT
therefore, NP = N'P’;

thatis, the interceptsofthe secantare equal.

S h.N This propositionaffords a convenientmethod of
constructingthe curve. If the axes are given, construct
the rectangle on them, the diagonals of which are the
asymptotes. Thenthroughthe extremityof the transverse
axis,draw a right line interceptedby the asymptoteslay
off on thisline from oneasymptotea distanceequal to the
extremity of the axis from the otherasymptote;the point
thusfoundwill be a pointof the curve. In thismanner,
find any numberof points,anddrawa line through them
this mil be therequiredcurve.

136. To prove that the parallelogram formed by
drawinglines from anypoint of an hyperbolaparal
lel to and terminatingin the asymptotedss equal to
one-eighththe rectangleon the axes.

Call ¢ theangleTCT"' (Fig. 97); theareaof CM'PD
= x'y0sin ¢

= £I1+i7? X (Art. 133,andArt. 121, Sch.)
4 ar + tr

= tab = t (2a-2b),

which provesthe proposition.
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137. To find the equationsof two conjugatediam
eters of an hyperbolareferredto its asymptotes.

The diameterwhich passegshrough
theorigin and the point P (xX\'y') is
representedqseeArt. 26, Cor.4) by

é/NE{:x.
ir - 7= ¥ (1)

The diameterconjugateto thisone,CD, is parallel to the

tangentat (x', y'), andtherefore(Art 134, Eq. 4) itB equa
tionis
yI
y = —s

or jp +*> =i (2)

Cob—Whenthe diameterd?P'and DD'becomehe axes,
AA'andBB', we have,since the axesbisecttheanglebe
tweenthe asymptotes,

CM'= M'A, or X' 1=y o,
therefore(1) and(2) become
xNyN O and x+y=0,

which arethe equationsf the axesreferredto the asymp
totes.

138. Giventhe co-ordinatesof the extremityof a
diameter,to find thoseof the extremityof its con
jugate.

Let {x, if) be the point P (Fig. 98), and (a/",y0 the
point D.

The equationof DD' (Art 137)is

* .V a [-.X
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The equationof the conjugatehyperbola(Art. 133)is

xy = N m\ (2)
Eliminatingbetween(1l) and(2), we get
=T Y=y 3)

Cob. 1.N The equationof thetangentat P (x',y') (Art.
134) is

| Theequationof the tangentat D (x", y"), the extremity
of the conjugatediameter(Art. 134)is

X"+ y"
or from (3), X, {/.—

Adding (4) and (5), we getx =0 as the locus of the
intersectionof the tangentg4) and (5), which is theequa
tion of the axis of y, or the asymptoteCR'. Therefore,
tangentsat the extremitief conjugatediametersneeton the
asymptotes.

Cob. 2.NSince T' is avertexof the parallelogranformed
on the conjugatediameterd?P'and DD', we have
PT' — CD
therefore, TT = 2PT'= DD/

thatis, theportion ofthe tangentat any point ofan hyper
bola, includedbetweentheasymptotesis equalto thediameter
conjugateto that which passegshroughthe point of contact.

139. If achordbedrawnparallel to anydiameter,
it will be bisectedby the conjugate diameter pro
duced.

Let QQ' bedrawnparallelto DD' (Fig. 98); thenwill it
be bisectedat M" by CP produced.
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SinceQQ'is parallelto DD, its equationwill differ from
thatof DD’ only by aconstanternt therefore[Art. 138, (1)]

1)
is the equationof QQ'.

Combine(1) with theequationof PF (Art 137),which s

5-|=ij= <2

andwe get x = fax', y = fay,
astheco-ordinateof M". But from (1) we have
CR = ex|, and CR'= ctf;
thereforeM" is the middle pointof RR'. But (Art 135),
RQ = R'Q
therefore, QM" = M"Q', whichprovestheproposition.

EXAMPLES.

1. Find the axes of the hyperbolawhose equationis
3y* N 2a?+ 12 = O; alsothe eccentricityof thegivenand
the conjugatehyperbola,andthe parameter.

Ans.a= V6, 5=2; e=V/|; e'=Vf; 2p=~"=*

2. Findtheintersectiorofthehyperbola3"*N 2a?-f 12=0
andthecircle a? + y* = 16. AnSt (£ 2\/3, = 2).

3. Find whetherthe line y =£x cuts the hyperbola
by8 N 2a?= N 15, orits conjugate.
Ans. It cutsthe conjugate.

4. Find the equationof an hyperbolaof giventransverse
axis, whosevertex bisectsthe distancebe}weenthg centre
andthe focus. Ans. y*N 3a?= N 3a*.
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6. If theordinate MP (Fig. 95) of anhyperbolabe pro
ducedto Q, sothat MQ = F'P,find thelocusof Q.
Am. A right line.

6. If an ellipse and an hyperbolahave the same foci,
prove that their tangentsat the pointsof intersectionare at
rightangles. (SeeArt. 75, Cor. 2, andArt. 107,Cor.)

7. Find the condition that the line + A=) shall
\m n f

touchthe hyperbola ~N=D¥ Am. ft*
- . ) m2 — n* — Im

[To obtain this, compareN + ~ 1 with equationof

tangent(Art. 107), which s ¥
NOSW

= ft8 — (@]

andwehave N =N and % =N -,
2arm > r

whichin equationof curvegivesthe answer.]

8. Find wherethe tangentdrom the foot of the directrix
will meet the hyperbola, and what angle they will make
with the transverseaxis.

Am. The extremityof the latusrectumj tanl + £¥

9. Find theangleincludedbetweertheasymptotesf the
hyperbolal6™* N 928 = N 25. Am. 73; 44"

10. Find the perpendiculafrom the focusof anyhyper
bolato its asymptotes. Am. The semi-conjugatexis.

11. If 3AC = 2CF' (Fig. 95), find theinclination of the
asymptotedo the transverseaxis. "AMm. tan1 .
2
12. If the asymptotesof the hyperbolaare axes, show
thatthe equationof onedirectrixis z + y-a=0.
[SeeArt. 137, Cor.]
9



194 EXAMPLES.

13. Provethatif a circle be describedvith thefocusof
an hyperbolafor its centreandwith a radiusequalto the
semi-conjugateaxis, it will touch the asymptotesin the
pointswherethey are cut by the directrix.

14. Prove that the radius of a circle which touchesan
hyperbolaand its asymptotesis equalto that part of the
latus rectum producedwhich is interceptedbetweenthe
curveandtheasymptote.

15. FindthelengthofthenormalNPandof EP (Fig. 88).
[SeeArt. 108, Cor. 1.] “~ NP=", EP="-"-
A b
16. Prove thatthe productof the two perpendicularéet
fall from any point of anhyperbolaupon the asymptotess

constantandequalto N

17. Tangentsto an hyperbolaaredrawn from anypoint
on eitherbranch of the conjugatecurve; prove thattheir

chordof contacttoucheshe oppositebranch of the conju
gatecurve. -

[Take the diametemassingthrough the pointfor axis of
y, and the conjugate diameterfor axis of x; equationof
chordof contactis

XX
W o
ai  baO»

which soonreducedo y = £V, * etc/]

18. In anyequilateralhyperbolalet ¢ =theinclination
of a diameter,passingthrough any point P, and <’ = that

of the polarof P, thetransverseaxis being the axisof X;
provethat tan ¢ tan<p = 1.

[Equation of diameteris y ="Xx; * gé = tan<:

polarof Pis xx!N y\j Nl a3 . " N tan®" - etc]



